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Abstract. Formal verification methods model systems by Kripke structures. In order to
model live behaviors of systems, Kripke structures are augmented withfairness condi-
tions. Such conditions partition the computations of the systems into fair computations,
with respect to which verification proceeds, and unfair computations, which are ignored.
Reasoning about Kripke structures augmented with fairness is typically harder than rea-
soning about non-fair Kripke structures. We consider thetransition fairnesscondition,
where a computationπ is fair iff each transition that is enabled inπ infinitely often is
also taken inπ infinitely often. Transition fairness is a natural and useful fairness condi-
tion. We show that reasoning about Kripke structures augmented with transition fairness
is not harder than reasoning about non-fair Kripke structures. We demonstrate it for fair
CTL and LTL model checking, and the problem of calculating the dominators and post-
dominators.



1 Introduction

In formal verification, we check that a system is correct with respect to a desired behavior
by checking that a mathematical model of the system satisfies a formal specification of the
behavior. Inmodel checking, we model the system by aKripke structure, whose states cor-
respond to configurations of the system, and we specify the desired behavior by means of a
temporal-logicformula. The model-checking problem is then to decide, given a Kripke struc-
tureK and a temporal-logic formulaψ, whetherK satisfiesψ [CE81,QS81]. Symbolic meth-
ods, abstraction, compositional methods, and many more heuristics have made model checking
a successful verification methodology, used in industrial design of both hardware and software
[CGP99].

Kripke structures describe only thesafebehaviors of systems. In order to modellive behav-
iors, we have to augment Kripke structures withfairness conditions. Such conditions partition
the set of infinite paths of a Kripke structureK (and thus also the set of infinite computations
of the system thatK models) into fair and unfair computations [MP92]. For example, when
the Kripke structure models a concurrent system, we may wish to restrict attention only to
computations in which the scheduler enables each process to proceed infinitely many times.

The model-checking problem can be adjusted to the fair setting: in thelinear-time ap-
proach, specifications describe the desired behavior of all the computations of the system, and
thus refer to the language induced by the Kripke structure. Then, fair model checking amounts
to verifying that all the fair computations satisfy the desired behavior. In thebranching-time
approach, specifications may contain the path quantifiersA (for all paths) andE (exists a
path) and thus refer to the tree obtained by unwinding the Kripke structure. Then, in fair model
checking, path quantification ranges over fair paths only [CES86]. The transition to the fair set-
ting involves a computational price. The exact complexity of the fair model-checking problem
depends on the specification formalism and the specific fairness condition that is used.

We consider the fairness condition in which a computationπ is fair iff each transition that
is enabled inπ infinitely often is also taken inπ infinitely often. That is, for every transition
〈w, w′〉 in the Kripke structure, if the pathπ visits the statew infinitely many times, thenπ
should also have infinitely many visits tow that are immediately followed by a visit tow′. We
refer to this type of fairness astransition fairness. The transition fairness condition is related
to the classicalstrong-fairnesscondition [MP92] (Streettfairness), and is a very natural one in
reasoning about concurrent systems [LPS81,KPSZ02].

Reasoning about systems augmented with the strong-fairness condition is not easy, and
is related to the emptiness problem for nondeterministic Streett automata. While the latter
problem is PTIME-complete [EL87,KV98], no linear solutions are known, for both the enu-
merative and symbolic approaches. The best enumerative algorithm makes use of a lock-step
search, used in dynamic graph algorithms, and is at most quadratic in the size of the automa-
ton [HT96]. The best symbolic algorithm is based on the improved algorithm for detecting
strongly connected components and requiresO(n(k + log n)) symbolic steps, for an automa-
ton of sizen and a strong-fairness condition withk pairs [KPR98,BGS00]3. The complexity
of model checking a specificationϕ with respect to a Kripke structureK augmented with a
strong-fairness condition withk pairs is then the complexity of checking emptiness for an au-

3 We note that while it is possible to detect SCC also in linearly many symbolic steps [GPP03], it is
not known whether the technique there can be applied for an efficient nonemptiness check of Streett
automata.
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tomaton of size|K|2|ϕ|, in the case of LTL4, and|ϕ| repeated checks for an automaton of size
|K|, in the case of CTL.

We study the problem of reasoning about systems augmented with the transition fairness
condition, and show that this special case of the strong-fairness condition is considerably sim-
pler. We consider the CTL and LTL model checking problems, as well as the related problem
of findingdominatorsandpostdominators[C+91] in directed graphs.

For model checking, we show that fair CTL model checking can be reduced to non-fair
CTL model checking. To do so, we introduce a functionf with the following properties. Given
a CTL formulaϕ, the functionf mapsϕ to another CTL formulaf(ϕ) such that for every
Kripke structureK and statew in it, w satisfiesϕ fairly iff w satisfiesf(ϕ) non-fairly. The
length off(ϕ) is linear in the length ofϕ. The complexity of the algorithm that follows then
coincides with the one for non-fair CTL model checking. Since the functionf is simple, it is
easy to implement it on top of both enumerative and symbolic CTL model-checking tools.

In order to handle LTL model checking, we introduce a functiong that maps LTL for-
mulasθ of some specific forms to a CTL formulag(θ) such that a fair Kripke structureK
has a path that fairly satisfiesθ iff K fairly satisfiesg(θ), which in turn can be reduced to
checking whetherK satisfiesf(g(θ)). The forms ofθ we handle are these that correspond
to the B̈uchi, Rabin, and Streett acceptance conditions for automata on infinite words. In the
automata-theoretic approach to LTL model checking [VW94], we translate an LTL formulaψ
into an automatonA¬ψ that accepts exactly all the computations that violateψ. Model check-
ing is then reduced to checking the emptiness of the product ofK with A¬ψ, which corre-
sponds, in the caseK is augmented with a fairness condition, to checking whether the product
contains a path whose projection on the states ofK is fair, and which satisfies a formulaθ
induced by the acceptance condition ofA¬ψ, and is therefore of one of the forms above. Our
algorithm can therefore handle many LTL model-checking instances. On the other hand, as
taking the product ofK withA¬ψ does not preserve transition fairness, our algorithm does not
handle all LTL model-checking instances.

The problem of finding thepostdominators(or, dually, thedominators) of a given state
in the Kripke structure has application in the area of program analysis and compiler opti-
mizations [C+91]. In this application area, the control-flow graph of a program is the Kripke
structure, where states correspond to basic blocks in the program and transitions correspond
to control-flow transitions between basic blocks in the program. Dominators form the basis of
an intermediate representation known as static single assignment form [C+91], widely used
in optimizing compilers. Computation of postdominators is required for the computation of
control dependences in the program dependence graph [FOW87], a data structure used for the
automatic parallelization of programs as well as program slicing.

For a statew of a Kripke structure, the set of postdominators ofw, denotedpd(w), is the
set of statess such that all paths fromw eventually reachs. Dually, the set of dominators ofw,
denoteddom(w), is the set of statess such that all paths tow pass throughs. The definition of
pd(w) and its applications are of interest mainly in Kripke structures augmented with fairness.
Indeed, it makes sense to requires to be reachable only along fair paths, in particular, paths that
eventually reach a halting or an error state, or paths that are fair with respect to our transition
fairness condition. That is, the definition ofpd(w) as used in compiler optimizations generally
assumes that loops eventually terminate.

It is easy to show that ifx postdominatesw andx 6= w thenpd(x) ⊂ pd(w). This means
that the postdomination relation can be represented as a tree, wherex is the parent ofw in
the tree iffpd(w) = {w} ∪ pd(x) (in this case,x is called the “immediate postdominator” of

4 See [LH00] for the case the system is modeled by a petri net.
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w). There are several efficient algorithms for calculating dominator and postdominator trees
[LT79,BKAW98]. Once the tree has been computed, the setpd(x) can be enumerated in time
proportional to|pd(x)|, for all statesx. However, the above techniques maintain an explicit
representation of the Kripke structure as a directed graph and explicitly represent the post-
dominator tree. We use the technique we developed for fair CTL model checking in order to
describe a symbolic algorithm that efficiently computes an ROBDD of pairs〈w, s〉 such that
s ∈ pd(w). Such a representation is useful because in the application domain of program anal-
ysis it often is necessary to enumeratepd(w) for manyw without knowing in advance which
w will be queried.

2 Preliminaries

2.1 Temporal Logics

We describe the desired behavior of systems by temporal-logic formulas. The logicLTL is a
linear temporal logic. Formulas of LTL describe computations and are constructed from a set
AP of atomic propositions using the usual Boolean operators and the temporal operatorsX
(“next”) andU (“until”). Formally, given a setAP , an LTL formula is one of the following:

– true, false, or p, for p ∈ AP .
– ¬ψ1, ψ1 ∨ ψ2, Xψ1, or ψ1Uψ2, whereψ1 andψ2 are LTL formulas.

We also use the abbreviations∧,→, and↔, interpreted in the usual way,Fψ = trueUψ
(“eventually”),Gψ = ¬F¬ψ (“always”), andψ1Wψ2 = ψ1Uψ2 ∨Gψ1 (“weak until”).

The logicCTL is a branching temporal logic. In CTL, we precede each temporal operator
by a path quantifier, eitherE (“for some path”) orA (“for all paths”). Thus, a CTL formula is
either:

– true, false, or p, for p ∈ AP .
– ¬ϕ1 or ϕ1 ∨ ϕ2, whereϕ1 andϕ2 are CTL formulas.
– EXϕ1 or AXϕ1, whereϕ1 is a CTL formula.
– Eϕ1Uϕ2 or Aϕ1Uϕ2, whereϕ1 andϕ2 are CTL formulas.

Note that theG andF abbreviations used in LTL can be used also in CTL, i.e.,AFϕ1 =
AtrueUϕ1, and so can theW abbreviation. Thus, whileEϕ1Wϕ2 = E(ϕ1Uϕ2∨Gϕ1) is not
a CTL formula, it is equivalent to the CTL formulaEϕ1Uϕ2 ∨ EGϕ1. Similarly, Aϕ1Wϕ2

is equivalent to the CTL formula¬E(¬ϕ2)U(¬ϕ1 ∧ ¬ϕ2). Accordingly, we refer toEW and
AW as legal CTL modalities.

We define the semantics of temporal-logic formulas with respect toKripke structures, with
which we model systems. A Kripke structureK = 〈AP,W,R, W0, L〉 consists of a setAP
of atomic propositions, a setW of states, a setW0 ⊆ W of initial states, a transition relation
R ⊆ W × W that is total in its first element (i.e., for eachw ∈ W there exists at least one
w′ with R(w, w′)), and a labeling functionL : W → 2AP , which maps each state to the
set of atomic propositions true in this state. WhenR(w,w′), we say thatw′ is a successor
of w. A path in K represents acomputationof the system modeled by the Kripke structure
and is a (possibly finite) sequence of statesπ = w0, w1, . . ., such that for alli ≥ 0, we have
R(wi, wi+1). The pathπ is initial if w0 ∈ W0. We useπi to denote the suffixwi, wi+1, . . .
of π, and we useπ[i] to denote thei’th state inπ. The set of states thatπ visits is denoted
by visit(π), and the set of states thatπ visits infinitely often is denoted byinf(π). Formally,
visit(π) = {w : w = wj for somej}, andinf(π) = {w : w = wj for infinitely manyj}.
Note thatinf(π) ⊆ visit(π).
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Recall that LTL is a linear temporal logic, thus its formulas are interpreted over paths of
the Kripke structure. We useK,π |= ψ to indicate that the LTL formulaψ holds along the path
π of K. On the other hand, CTL is a branching temporal logic and its formulas are interpreted
over states of the Kripke structure. We useK,w |= ϕ to indicate that the CTL formulaϕ holds
in the statew of K. WhenK is clear from the context, we simply writeπ |= ψ or w |= ϕ. For
the definition of the relation|= see [Eme90]. We say that a Kripke structureK satisfies an LTL
formulaψ, denotedK |= ψ, if all the initial paths ofK satisfyψ. Likewise,K satisfies a CTL
formulaϕ, denotedK |= ϕ, if all the initial states ofK satisfyϕ.

A Kripke structureK = 〈AP, W,R, W0, L〉 induces a directed graphGK = 〈W,R〉.
Notations and definitions from graph theory are then applied to Kripke structures in a straight-
forward way. A statew is reachablefrom a statev iff there is a finite (possibly empty) path
w0, w1, . . . , wn such thatv = w0 andw = wn and for every0 ≤ i < n, we haveR(wi, wi+1).
A strongly connected component(SCC, for short) is a subsetC of W such that every state
in C is reachable from every other state inC, via states inC. A maximal strongly connected
component(MSCC, for short) is an SCC C that is maximal in the sense that we cannot add
states to it and still have an SCC. Note that the MSCCs partition W.

Given two MSCC’sC andC ′ we say thatC ≤ C ′ if there are statesv ∈ C ′ andw ∈ C
such thatw is reachable fromv. The relation≤ defined above constitutes a partial ordering of
the set of MSCCs ofK. A MSCC C is called aminimal5 MSCCif for every MSCCC ′, we
have thatC ≤ C ′. Note that all the minimal MSCCs in a Kripke structure are not trivial (i.e.,
they contain at least one edge) sinceR is total in its first element.

It is not hard to see that for every statev ∈ W there is at least one minimal MSCCC
such that for every statew ∈ C, we have thatw is reachable fromv. Observe that since there
are no trivial minimal MSCCs we can assume that everyw above is reachable fromv using a
non-empty path.

2.2 Fairness

A fairness conditionon a Kripke structureK partitions the paths ofK into fair andunfair
paths. The B̈uchi, Rabin, and Streett acceptance conditions for word automata (for a survey on
word automata see [Tho90]) can also be viewed as fairness conditions on Kripke structures.
For example, a pathπ of K is fair with respect to a B̈uchi conditionα ⊆ W iff π visits states
in α infinitely often. In this paper we considertransition fairness, defined as follows:

– A pathπ is fair with respect to the transition fairness condition iff all the transitions that
are enabled alongπ infinitely often are also taken alongπ infinitely often. Formally, a
transition〈v, w〉 ∈ R is enabledin positioni alongπ, if π[i] = v. It is taken, if in addition
π[i + 1] = w. Thus, equivalently, a pathπ is fair with respect to the transition fairness
condition iff for all v ∈ W , if v ∈ inf(π) andR(v, w) thenπ[i] = v andπ[i +1] = w for
infinitely manyi’s.

A fair Kripke structureK = 〈K, α〉 consists of a Kripke structureK and a fairness condi-
tion α for K (note that in the case of transition fairness, there is no need to specify a specificα,
thusα is some flag indicating the type of fairness). The semantics of LTL and CTL is adjusted
to fair Kripke structures by letting path quantification range over fair paths only. For example,
an LTL formulaψ is fairly satisfiedin K, denotedK |=F ψ, if all the fair initial paths ofK
satisfyψ. For CTL, we useK, w |=F ϕ to indicate that a CTL formulaϕ is fairly satisfied in

5 Note that the word “minimal” is with respect to the partial ordering, while the “M” in “MSCC” stands
for “maximal subset”, and has nothing to do with the partial ordering.
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the statew of the fair Kripke structureK, and useK |=F ϕ to indicate thatϕ is fairly satisfied
in all the initial states ofK. For details, see [CGP99].

Note that the transition fairness condition is related to thesuccessorfairness condition,
where a pathπ is fair iff all the successors of a state inπ that is visited infinitely often are also
visited infinitely often. That is,π is fair iff for all v ∈ W , if v ∈ inf(π) andR(v, w) then
w ∈ inf(π). Successor fairness is a special case of the Streett fairness condition, and, like
transition fairness, is used in order to ignore paths that get stuck in a MSCC that is not minimal
(c.f., [Var85]). Transition fairness is stronger than successor fairness in the sense that for every
Kripke structureK, if a pathπ of K is fair with respect to the transition fairness condition, then
π is also fair with respect to the successor fairness condition. The opposite is not necessarily
true, asπ may satisfy the successor fairness condition and not satisfy the transition fairness
condition.

In the rest of this paper we study the model-checking problem and the problem of finding
dominators and postdominators for Kripke structures augmented with the transition fairness
condition. Our results are valid also for the successor fairness condition. For simplicity, we
will only use the terms “fair path” or “fair Kripke structure”, without repeating the type of
fairness.

2.3 Observations on fair paths

Recall that if a fair pathπ visits a statev infinitely often, then it also visits all the successors
of v infinitely often. Such a fair behavior cascades from every successor to its own successors.
As we formally state below, this guarantees that a fair path eventually gets trapped in some
minimal MSCC, where it traverses all the states of the MSCC infinitely often.

Lemma 1. Let K = 〈K, α〉, with K = 〈AP,W,R,W0, L〉, be a fair Kripke structure. If
π is a fair path inK then there exists a minimal MSCCC in K, and an indexi, such that
inf(π) = visit(πi) = C.

Proof: Let π be a fair path. Since for alli ≥ 0, we have thatinf(π) = inf(πi), and
inf(πi) ⊆ visit(πi), then clearlyinf(π) ⊆ visit(πi). It therefore suffices to show that
there is a minimal MSCCC, such thatC ⊆ inf(π), and that there is an indexi such that
visit(πi) ⊆ C.

We first prove that there is a minimal MSCCC, such thatC ⊆ inf(π). Consider a state
v ∈ inf(π). We claim that for every statew that is reachable inK from v, we have that
w ∈ inf(π). We prove the claim by an induction on the distancen of w from v. The case
wheren = 0 (that is,w = v) is trivial. Assume that the lemma holds forn, we prove it for
n + 1. Let v =w0, w1, . . . , wn+1=w be a path of lengthn + 1 from v to w. The statewn

is at distancen from v and thus, by the induction hypothesis, satisfieswn ∈ inf(π). Since
R(wn, wn+1), the fairness ofπ implies thatwn+1 ∈ inf(π), and we are done. Now, letC be
some minimal MSCC that is reachable fromv. Note that all states inC are reachable fromv.
Thus, by the claim above,C ⊆ inf(π).

We now prove that there is an indexi for whichvisit(πi) ⊆ C. Let i be such thatπ[i] ∈ C.
SinceC ⊆ inf(π) such ani exists. SinceC is a minimal MSCC, all states reachable fromπ[i]
must also be inC. In particular, all the states thatπ visits after positioni are inC. Thus,
visit(πi) ⊆ C, and we are done.

Lemma 2. LetK = 〈K, α〉, with K = 〈AP,W,R, W0, L〉, be a fair Kripke structure. Ev-
ery (possibly empty) finite pathw0, w1, . . . , wk in K can be extended to an infinite fair path
w0, w1, . . . , wk, . . .
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Proof: We prove the case where the path is empty. That is, we prove that for everyw ∈ W ,
there exists a fair path starting inw. The general case then follows by takingwk to bew.
Givenw ∈ W , we construct a fair path starting atw. Let v be a state that is reachable from
w and belongs to some minimal MSCCC. Let w, v1, . . . , vi, v be a path fromw to v, and let
v, v′1, v

′
2, . . . , v

′
k, v be a cycle that traverses all the edges inC. SinceC is strongly connected,

such a cycle exist. Consider the pathπ = w, v1, . . . , vi · (v, v′1, . . . , v
′
k)ω. We prove thatπ is an

infinite fair path. Recall that sinceC is a minimal MSCC, it is not trivial, so we can assume that
the cyclev, v′1, . . . , v

′
k, v has at least one transition and two (not necessarily different) states.

Thus, the sequencev, v′1, . . . , v
′
k has at least one state, andπ is infinite. By our choice of the

cyclev, v′1, v
′
2, . . . , v

′
k, v, the pathπ is fair, and we are done.

3 Fair Model Checking

In this section we reduce fair model checking to non-fair CTL model checking, and analyze the
complexity of the algorithm that follows. We start with CTL, and then proceed to fragments of
LTL.

3.1 Fair CTL model checking

Our fair CTL model-checking algorithm is based on a functionf that maps each CTL formula
ϕ to another CTL formulaf(ϕ) such that for every fair Kripke structureK = 〈K,α〉 and state
w in it, we have thatK, w satisfiesϕ fairly iff K, w satisfiesf(ϕ) non-fairly. The length of
f(ϕ) is linear in the length ofϕ. Formally, we have the following.

Theorem 1. There is a functionf : CTL formulas→ CTL formulas such that for every CTL
formulaϕ, the following hold.

(1) |f(ϕ)| = O(|ϕ|).
(2) For every fair Kripke structureK = 〈K,α〉, with K = 〈AP, W,R,W0, L〉, and state

w ∈ W , we haveK, w |=F ϕ iff K, w |= f(ϕ).

Proof: We definef by induction on the structure ofϕ as follows.

– f(true) = true andf(false) = false.
– f(p) = p for p ∈ AP .
– f(¬ϕ1) = ¬f(ϕ1).
– f(ϕ1 ∨ ϕ2) = f(ϕ1) ∨ f(ϕ2).
– f(EXϕ1) = EXf(ϕ1).
– f(AXϕ1) = AXf(ϕ1).
– f(Eϕ1Uϕ2) = Ef(ϕ1)Uf(ϕ2).
– f(Aϕ1Uϕ2) = A(f(ϕ1) ∧ EFf(ϕ2))Wf(ϕ2).

It is easy to see that|f(ϕ)| = O(|ϕ|). We prove Claim (2) in detail. The proof proceeds by
an induction on the structure ofϕ. The induction base, whereϕ = true, ϕ = false, or ϕ = p,
for p ∈ AP is trivial. For the induction step, assume that Claim (2) holds forϕ1 andϕ2. That
is, for every fair Kripke structureK, and every statew ∈ W , we have thatK, w |=F ϕ1 iff
K, w |= f(ϕ1), and similarly forϕ2.

The cases whereϕ is of the form¬ϕ1, ϕ1 ∨ϕ2, EXϕ1, AXϕ1, orEϕ1Uϕ2 are relatively
easy, and are described in Appendix A.1. Here we consider the more interesting case, where
ϕ = Aϕ1Uϕ2. Assume first thatK, w |=F Aϕ1Uϕ2. Consider a (possibly unfair) pathπ
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starting atw. We show that either (case 1) there isk ≥ 0 such thatπ[k] |= f(ϕ2) and all
0 ≤ i < k are such thatπ[i] |= f(ϕ1) ∧ EFf(ϕ2), or (case 2) alli ≥ 0 are such that
π[i] |= f(ϕ1) ∧ EFf(ϕ2). It follows thatK, w |= A(f(ϕ1) ∧ EFf(ϕ2))Wf(ϕ2).

We distinguish between two cases, which actually correspond to the two cases above. If
there is a state alongπ that fairly satisfiesϕ2, we prove that case 1 above holds: letk ≥ 0 be the
minimal index for whichπ[k] |=F ϕ2. By Lemma 2, the pathπ[0], . . . , π[k] can be extended
to a fair path. SinceK, w |=F Aϕ1Uϕ2, our choice ofk guarantees thatπ[k] |=F ϕ2 and
π[i] |=F ϕ1 for all 0 ≤ i < k. By the induction hypothesis,π[k] |= f(ϕ2) andπ[i] |= f(ϕ1)
for all 0 ≤ i < k. Moreover, sinceπ[k] |= f(ϕ2), then for all0 ≤ i < k, we have that
π[i] |= EFf(ϕ2). Thus, case 1 holds forπ.

In the other case, that is, if no state alongπ fairly satisfiesϕ2, we prove that case 2 above
holds. Consider an indexi ≥ 0. By Lemma 2, the pathπ[0], . . . , π[i] can be extended to
a fair pathπi. SinceK, w |=F Aϕ1Uϕ2, there is an indexk such thatπi[k] |=F ϕ2 and
πi[j] |=F ϕ1 for all 0 ≤ j < k. Sinceπ[j] 6|=F ϕ2 for all j ≤ i, it must be thatk > i. By
the induction hypothesis,πi[j] |= f(ϕ1) for all 0 ≤ j < k. Moreover, sinceπi[k] |= f(ϕ2),
then for all0 ≤ j < k, we have thatπi[j] |= EFf(ϕ2). Recall thatk > i. Thus, in particular,
πi[i] = π[i] |= f(ϕ1) ∧ EFf(ϕ2), and case 2 holds forπ.

Assume now thatK,w |= A(f(ϕ1) ∧ EFf(ϕ2))Wf(ϕ2). Let π be a fair path that starts
at w. We first prove that there must be an indexk ≥ 0 such thatK, π[k] |= f(ϕ2). sinceπ is
fair, By Lemma 1, there is a minimal MSCCC ⊆ K, and an indexi, such thatvisit(πi) = C.
Assume by way of contradiction that nok as above exists. Then for allj ≥ 0, we have that
K, π[j] |= (f(ϕ1) ∧ EFf(ϕ2)). SinceC is minimal, all states reachable from states inC
are also inC. Hence, asπ[i] ∈ C andK, π[i] |= EFf(ϕ2), there is a statev ∈ C such
that v |= f(ϕ2). Since, however,C = visit(πi), there must bek ≥ 0 such thatv = π[k],
and we reach a contradiction. So, letk be the minimal index for whichK, π[k] |= f(ϕ2).
Then, by assumption,K, π[i] |= f(ϕ1) for all 0 ≤ i ≤ k. Thus, by the induction hypothesis,
K, π |= ϕ1Uϕ2, and we are done.

For the sake of completeness, we state here the result of applying the functionf on abbre-
viated CTL operators.

– f(EFϕ1) = EFf(ϕ1).
– f(AFϕ1) = A(EFf(ϕ1))Wf(ϕ1).
– f(EGϕ1) = Ef(ϕ1)UAGf(ϕ1).
– f(AGϕ1) = AGf(ϕ1).
– f(Eϕ1Wϕ2) = Ef(ϕ1)U(f(ϕ2) ∨AGf(ϕ1)).
– f(Aϕ1Wϕ2) = Af(ϕ1)Wf(ϕ2).

Sincef involves a linear blow-up and reduces fair CTL model checking to non-fair CTL
model checking, the improved complexity for fair CTL model checking follows from the
known complexity of the non-fair case [CES86,BCM+92]:

Corollary 1. The fair CTL model-checking problemK |= ϕ for K augmented with transition
fairness can be solved in time linear in|K| and|ϕ|, or using at most|K||ϕ| symbolic steps.

Interestingly, the functionf mapsuniversal CTL(ACTL, for short) formulas (that is, for-
mulas that do not use the existential path quantifier, and whose satisfaction is preserved under
simulation [GL94]) to CTL formulas that do use the existential path quantifier. As we now
show, the use of the existential path quantifier is essential. We prove it already for the ACTL
formulaAFp. (See Appendix A.2 for the proof.)
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Theorem 2. Consider a fair Kripke structureK = 〈K, α〉. There is no ACTL formulaϕ such
thatK |=F AFp iff K |= ϕ.

In Section 5 we discuss the theoretical aspects of Theorem 2, and its relation to the open
problem about the expressive power of the linear fragments of CTL and ACTL.

3.2 Beyond CTL

The correctness of the functionf follows from the observations on fair paths studied in Sec-
tion 2.3. In this section we use these observations in the context of LTL model checking. We
show that for many common LTL formulas, fair model checking can be reduced to fair CTL
model checking, which in turn can be reduced to non-fair CTL model checking. The LTL for-
mulas we consider are those that specify acceptance by Büchi, Rabin, and Streett automata.
Formally, we have the following.

Theorem 3. Let l1, u1, l2, u2, . . . , lk, uk be atomic propositions, for somek ≥ 1. Consider
the following three forms of LTL formulas:

1. (Büchi)θ = GFl1.
2. (Rabin)θ =

∨
1≤i≤k(GFli ∧ FGui).

3. (Streett)θ =
∧

1≤i≤k(GFui ∨ FGli).

There is a partial mappingg : LTL formulas→ CTL formulas such that for every LTL formula
θ of one of the three forms above, the following hold.

(1) |g(θ)| = O(|θ|).
(2) For every fair Kripke structureK = 〈K, α〉, withK = 〈AP, W,R,W0, L〉, and every state

w ∈ W , there is a fair pathπ in K, starting atw, such thatK, π |= θ iff K, w |=F g(θ).

Proof: We defineg as follows.

1. g(GFl1) = EGEFl1.
2. g(

∨
1≤i≤k(GFli ∧ FGui)) = EF (

∨
1≤i≤k(AGEFli ∧AGui)).

3. g(
∧

1≤i≤k(GFui ∨ FGli)) = EF (
∧

1≤i≤k(AGEFui ∨AGli)).

It is easy to see that|g(θ)| = O(|θ|). The proof of the correctness ofg is given in Ap-
pendix A.3.

One immediate application of Theorem 3 is fair LTL model checking of formulas of the
form ¬θ, for θ of one of the three forms above (note that Theorem 3 follows the existential
approach, where one looks for a path that violates the property). A more ambitious application
is to use the functiong in order to fairly model check all LTL formulas: letψ be an LTL for-
mula. In the automata-theoretic approach to LTL model checking [VW94], we check whether
all the paths of a Kripke structureK satisfyψ by checking whether the product ofK with an
automatonA¬ψ that accepts all the words that violateψ does not contain abad path— a path
whose projection on the states ofA¬ψ is an accepting run ofA¬ψ. Indeed, the projection of
such a path on the states ofK is a path ofK that is accepted byA¬ψ, and thus violatesψ.
The search for a bad path is reduced to checking whether there is a path in the product that
satisfies an LTL formulaθ induced by the acceptance condition ofA¬ψ. Thus, assumingA¬ψ

is a Büchi, Rabin, or Streett automaton,θ is of one of the forms handled in Theorem 3. When
the Kripke structureK is augmented with a fairness condition,ψ is violated iff the product
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contains a path whose projection on the states ofA¬ψ is an accepting run ofA¬ψ, and whose
projection on the states ofK is a fair path ofK. A detection of such a path can be done as
described above by augmenting the product with a fairness condition. Then, the path that satis-
fiesθ should be a fair path. To conclude, fair LTL model checking can be reduced to checking
whether the product ofK andA¬ψ has a fair path that satisfies an LTL formula of a specific
form.

Unfortunately, the fact thatK is augmented with the transition fairness condition does not
imply that fair paths in the product correspond to fair paths inK, and vice versa. Technically,
the product ofK withA¬ψ may have non-fair paths whose projection on the states ofK is fair
path ofK. Below we show that the problem exists already for deterministic Büchi automata,
implying that determinization, or a restriction to the Büchi acceptance condition do note solve
this problem. (See Appendix A.4 for the proof.)

Theorem 4. There is a fair Kripke structureK = 〈K,α〉 and a deterministic B̈uchi automaton
A with a setF of accepting states such that there exists a fair path inK that is accepted byA,
yet the product ofK andA has no fair path that visits infinitely many states whose projection
on the states ofA is in F .

Reducing fair LTL model checking to fair CTL model checking, we are able to use Corol-
lary 1, and obtain similar complexity results for LTL:

Corollary 2. The fair LTL model-checking problemK |=F ¬θ for K augmented with tran-
sition fairness andθ of one of the forms handled in Theorem 3 can be solved in time linear
in |K| and |θ|, or using at most|K||θ| symbolic steps. Moreover, ifψ is an LTL formula and
K |=F ψ iff the product ofK withA¬ψ fairly satisfies¬θ, then the LTL model-checking prob-
lemK |=F ψ can be solved in time linear in|K| andA¬ψ, or using at most|K||A¬ψ| symbolic
steps.

We note that the automatonA¬ψ may be exponential in|ψ|. Moreover, sometimes we can
achieve the desired property of the product having the transition fairness condition by applying
toA¬ψ transformations that blow-up its state space further. Nevertheless, sinceK is typically
much larger thanψ and the exponential blow up, as well as additional blow ups, do rarely
appear in practice, the technique still pays off, as the algorithm that follows is linear, rather
than quadratic, in|K|.

4 Computation of Postdominators and Dominators

In this section we use the technique developed in Section 3 in order to describe an efficient and
symbolic algorithm for calculating the dominators and post-dominators of states in a Kripke
structure.

For a statew of a Kripke structureK, the set of postdominators ofw, denotedpd(w), is
the set of statess such that all paths fromw eventually reachs. Dually, the set of dominators
of w, denoteddom(w), is the set of statess such that all paths tow pass throughs. Let Krev

be the Kripke structure derived fromK by reversing the direction of transitions. That is,Krev

is identical toK, only that its transition relationRrev is such that for all statesw andw′, we
have thatRrev (w,w′) iff R(w′, w). It is not hard hard to see thatdom(w) is the set of states
s such that all paths fromw eventually reachs in Krev . Thus, a states is in pd(w) in K iff s
is in dom(w) in Krev . We study here the computation of postdominators. By the above, our
results can be applied also for the computation of dominators.
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As discussed in Section 1, the calculation ofpd(w) is not an easy problem. On the other
hand, it is not hard to calculate, givens, all the statesw for which s ∈ pd(w). Indeed,w
has to (fairly) satisfyAFs. Let pd−1(s) be the set of all statesw such thats is in pd(w).
That is,pd−1(s) = {w : s ∈ pd(w)}. The definition ofpd−1 still leaves open the problem of
calculatingpd effectively. In many applications, however, the goal is to calculate all pairs〈s, w〉
such thats ∈ pd(w). Then, the fact that we considerpd−1 is not a disadvantage. Indeed, instead
of calculatingpd(w) for all w, we can calculatepd−1(s) for all s). On the other hand, such an
approach requires linearly many calculations ofpd−1 – one calculation for eachs ∈ W . So,
even if calculation ofpd−1 is reduced to a single fair CTL model-checking query, and even
when such a query is reduced, as described in Section 3, to a non-fair model-checking query,
and is calculated symbolically, we have to apply it linearly many times. The whole procedure
is therefore not truly symbolic6.

We describe a truly symbolic algorithm for this task. Consider a Kripke structureK =
〈AP, W,R,W0, L〉. Let PD = {〈s, w〉 : s ∈ pd(w)}, and letx1, . . . , xn ben variables used
for encoding the state space ofK. We assume thatK is given symbolically. In particular, we are
given an ROBDDfR overx1, . . . , .xn, x′1, . . . , x

′
n that describes the transition relationR. We

generate an ROBDDfpd overx1, . . . , .xn, x′1, . . . , x
′
n such thatfpd(x1, . . . , .xn, x′1, . . . , x

′
n) =

true iff the statess andw encoded byx1, . . . , .xn andx′1, . . . , x
′
n, respectively, are such that

〈s, w〉 ∈ PD.
To explain our algorithm, we first describe it for a Kripke structureK with no fairness.

Then, PD = {〈s, w〉 : w |= AFs}. Consider the operator (on a setP ⊆ W × W )
PairAX(P ) = {〈v, w〉 : for all successorsu of w, we have〈v, u〉 ∈ P}. Thus, for each pair
〈v, w〉 in P , the operatorPairAX(P ) applies theAX operator (universal preimage) tow,
leavingv unchanged. Note thatPairAX can be implemented symbolically: given an ROBDD
for P and the ROBDDfR, the construction of an ROBDD forPairAX(P ) is similar to the
construction of an ROBDD forAX(S), given an ROBDD for a setS of states [BCM+92].
Now, letP0 = {〈w, w〉 : w ∈ W}, andPi+1 = Pi ∪ PairAX(Pi), for all i ≥ 0. Intuitively,
Pi contains all pairs〈s, w〉 such that all the paths fromw reachs within at mosti transitions.
It follows that the fixed-point of the above sequence is the setPD. In other words, we can
describePD by means of the fixed-point expressionµy.P0 ∨ PairAX(y), and calculate it
symbolically.

WhenK is augmented by a transition fairness condition,PD = {〈s, w〉 : w |=F AFs}.
Equivalently, by Theorem 1,PD = {〈s, w〉 : w |= A(EFs)Ws}. Recall thatAϕ1Wϕ2 =
¬E(¬ϕ2)U(¬ϕ1 ∧ ¬ϕ2). Accordingly,A(EFs)Ws = ¬E(¬s)U(AG¬s). Consider the op-
eratorPairEX(P ) = {〈v, w〉 : there is a successoru of w for which〈v, u〉 ∈ P}. Like
PairAX, the operatorPairEX is “the pair version” of the operatorEX, and it can be
implemented symbolically. Finally, letP0 = {〈w, s〉 : w 6= s}. Using P0, PairAX, and
PairEX, we can describe the setPD by means of the (alternation free) fixed-point expres-
sion¬µy.νz.(P0 ∧AXz) ∨ (P0 ∧ PairEX(y)), and calculate it symbolically.

We note that, in the context of postdominators and dominators,K is often augmented with a
fairness condition that restricts attention to paths that visit some designated states. In particular,
in pd(w) we care for paths that start atw and eventually reach a halting or error states, and
in dom(w) we care for paths that start at some initial state and eventually reachw. Our idea
above applies also in these cases. Then, instead of using the technique in Section 3, removal of
fairness is easier. To see this, consider the problem of calculatingpd−1(s) in a Kripke structure
in which the fairness condition restricts attention to paths that eventually visit a state labeled
end . Note that then,w |=F AFs iff w |= ϕ, for the CTL? formulaϕ = A(F end → Fs).

6 For a similar challenge, in the context ofcoverage in model checking, see [CKV01].
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As proved in [KG96],ϕ has an equivalent CTL formula, andPD can be calculated using the
operatorPairAX.

5 Discussion

We studied reasoning about systems augmented with the transition fairness condition. We
showed that while fairness usually makes reasoning harder, this is not the case for transition
fairness.

The key to our results is the ability to translate a specificationϕ to a CTL formulaϕ′ of
length linear in the length ofϕ such thatϕ is satisfied fairly iffϕ′ is satisfied non-fairly. The
formulaϕ′ may contain the existential path quantifierE, even ifϕ imposes only universal re-
quirements (that is,ϕ is in LTL or ACTL). For example, ifϕ = AFp, thenϕ′ = A(EFp)Wp,
and we showed that the use of the existential path quantifier inϕ′ is required – noϕ′ in ACTL
can do the job. These observations are of interest with respect to the relative expressive power
of the linear fragments of CTL and ACTL. Consider an LTL formulaψ. Assume thatψ has
an equivalent CTL formula. Can we then guarantee thatψ also has an equivalent ACTL for-
mula? This seems very likely, asψ imposes only linear, and hence universal, requirements.
The question, however, is open, and the characterization in [Mai00], of LTL∩ ACTL, may not
apply for LTL∩ CTL. The fact that the existential path quantifier is essential in the domain of
the functionf implies that, in the context of transition fairness, the answer to the question is
negative: there are formulas in LTL∩ ACTL that have a non-fair equivalence in CTL, but no
non-fair equivalence in ACTL.

Another issue that is still open is extending the technique described in Section 3.2 to full
LTL. As explained there, a straightforward application of the automata-theoretic approach does
not work, as the transition fairness condition of the Kripke structure induces a different type of
fairness condition in the product. We are searching for properties of the specification automa-
ton, possibly properties relating the Kripke structure and the specification automaton, with
which the technique can be applied in all LTL model-checking instances. We note that even
when the transition to an automaton with such a property involves an addition exponential
blow-up, the technique pays off, as it reduces the LTL model-checking task to an evaluation of
a single fixed-point on the product, rather than a nested fixed-point, in the case a reduction to
CTL model checking is impossible.

References
[BCM+92] J.R. Burch, E.M. Clarke, K.L. McMillan, D.L. Dill, and L.J. Hwang. Symbolic model check-

ing: 1020 states and beyond.Information and Computation, 98(2):142–170, June 1992.
[BGS00] R. Bloem, H.N. Gabow, and F. Somenzi. An algorithm for strongly connected component

analysis inn log n symbolic steps. InFormal Methods in Computer Aided Design, volume
1954 ofLecture Notes in Computer Science, pages 37–54. Springer-Verlag, 2000. FR

[BKAW98] A.L. Buchsbaum, H. Kaplan, A.Rogers, and J.R. Westbrook. A new, simpler linear-time
dominators algorithm.ACM Trans. Program. Lang. Syst., 20(6):1265–1296, 1998.

[CE81] E.M. Clarke and E.A. Emerson. Design and synthesis of synchronization skeletons using
branching time temporal logic. InProc. Workshop on Logic of Programs, volume 131 of
Lecture Notes in Computer Science, pages 52–71. Springer-Verlag, 1981.

[CES86] E.M. Clarke, E.A. Emerson, and A.P. Sistla. Automatic verification of finite-state concurrent
systems using temporal logic specifications.ACM Transactions on Programming Languages
and Systems, 8(2):244–263, January 1986.

[C+91] Ron Cytron, Jeanne Ferrante, Barry K. Rosen, Mark N. Wegman, and F. Kenneth Zadeck.
Efficiently computing static single assignment form and the control dependence graph.ACM
Trans. Program. Lang. Syst., 13(4):451–490, 1991.

13



[CGP99] E.M. Clarke, O. Grumberg, and D. Peled.Model Checking. MIT Press, 1999.
[CKV01] H. Chockler, O. Kupferman, and M.Y. Vardi. Coverage metrics for temporal logic model

checking. In7th International Conference on Tools and algorithms for the construction and
analysis of systems, number 2031 in Lecture Notes in Computer Science, pages 528 – 542.
Springer-Verlag, 2001.

[EL87] E.A. Emerson and C.-L. Lei. Modalities for model checking: Branching time logic strikes
back.Science of Computer Programming, 8:275–306, 1987.

[Eme90] E.A. Emerson. Temporal and modal logic. In J. Van Leeuwen, editor,Handbook of Theoret-
ical Computer Science, volume B, chapter 16, pages 997–1072. Elsevier, MIT Press, 1990.

[FOW87] J. Ferrante, K. Ottenstein, and J. Warren. The program dependence graph and its use in
optimization.ACM Trans. Program. Lang. Syst., 9(3):319–349, 1987.

[GL94] O. Grumberg and D.E. Long. Model checking and modular verification.ACM Trans. on
Programming Languages and Systems, 16(3):843–871, 1994.

[GPP03] R. Gentilini, C. Piazza, and A. Policriti. Computing strongly connected components in a
linear number of symbolic steps. In14th ACM-SIAM Symposium on Discrete Algorithms,
pages 573–582, Baltimore, Maryland, 2003.

[HT96] M. Henzinger and J.A. Telle. Faster algorithms for the nonemptiness of Streett automata
and for communication protocol pruning. InProc. 5th Scandinavian Workshop on Algorithm
Theory, volume 1097 ofLecture Notes in Computer Science, pages 10–20. Springer-Verlag,
1996.

[KG96] O. Kupferman and O. Grumberg. Buy one, get one free!!!Journal of Logic and Computation,
6(4):523–539, 1996.

[KPR98] Y. Kesten, A. Pnueli, and L. Raviv. Algorithmic verification of linear temporal logic specifi-
cations. InProc. 25th International Colloquium on Automata, Languages and Programming,
volume 1443, pages 1–16. Lecture Notes in Computer Science, Springer-Verlag, 1998.

[KPSZ02] Y. Kesten, A. Pnueli, E. Shahar, and L. Zuck. Network invariant in action. InProc. 13th In-
ternational Conference on Concurrency Theory, volume 2421 ofLecture Notes in Computer
Science, pages 101–115, August 2002.

[KV98] O. Kupferman and M.Y. Vardi. Verification of fair transition systems.Chicago Journal of
Theoretical Computer Science, 1998(2), March 1998.

[LH00] Timo Latvala and Keijo Heljanko. Coping with strong fairness.Fundamenta Informaticae,
43(1–4):175–193, 2000.

[LPS81] D. Lehman, A. Pnueli, and J. Stavi. Impartiality, justice, and fairness – the ethics of concur-
rent termination. InProc. 8th Colloq. on Automata, Programming, and Languages (ICALP),
volume 115 ofLecture Notes in Computer Science, pages 264–277. Springer-Verlag, July
1981.

[LT79] T. Lengauer and R.E. Tarjan. A fast algorithm for finding dominators in a flowgraph.ACM
Trans. Prog. Lang. and Sys., 1(1):121–141, 1979.

[Mai00] M. Maidl. Using Model Checking for System Verification. PhD thesis, Ludwig-Maximilians-
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A Proofs

A.1 Proof of Theorem 1

Recall we proceeds by induction on the structure ofϕ.
The cases whereϕ = ¬ϕ1 andϕ = ϕ1 ∨ ϕ2 follow immediately from the definition of

f . Consider the case whereϕ = EXϕ1. Assume first thatK, w |=F EXϕ1. Then, there is a
fair pathπ, such thatπ[0] = w andπ[1] |=F ϕ1. By the induction hypothesis,π[1] |= f(ϕ1).
HenceK,w |= EXf(ϕ1). Assume now thatK, w |= EXf(ϕ1). Let π be a (possibly unfair)
path such thatπ[0] = w andπ[1] |= f(ϕ1). By the induction hypothesis,π[1] |=F ϕ1. By
Lemma 2, we can extend the pathπ[0], π[1] to a fair path, implying thatK, w |=F EXϕ1. The
caseϕ = AXϕ1 is dual.

Consider the case whereϕ = Eϕ1Uϕ2. Assume first thatK, w |=F Eϕ1Uϕ2. Then, there
is a fair pathπ starting atw, and there is an indexk ≥ 0 such thatπ[k] |=F ϕ2 andπ[i] |=F ϕ1

for all 0 ≤ i < k. By the induction hypothesis,π[k] |= f(ϕ2) andπ[i] |= f(ϕ1) for all
0 ≤ i < k. Hence,K,w |= Ef(ϕ1)Uf(ϕ2). Assume now thatK, w |= Ef(ϕ1)Uf(ϕ2).
Then, there is a (possibly unfair) pathπ starting atw, and there is an indexk ≥ 0, such that
π[k] |= f(ϕ2) andπ[i] |= f(ϕ1) for all 0 ≤ i < k. By the induction hypothesis,π[k] |=F ϕ2

andπ[i] |=F ϕ1 for all 0 ≤ i < k. By Lemma 2, the pathπ[0], . . . , π[k] can be extended to a
fair path, implying thatK, w |=F Eϕ1Uϕ2.

A.2 Proof of Theorem 2

Consider the two Kripke structuresK andK ′ whereK = 〈{p, q}, {w0, w1, w2}, {(w0, w1),
(w1, w0), (w0, w2), (w2, w0)}, L〉, with L(w0) = L(w1) = {q} andL(w2) = {p}, andK ′ is
obtained fromK by eliminating the statew2 and the transitions to and from it. Since a path that
consistently avoidw2 in K is not fair,K |=F AFp. On the other hand, since the single path
of K ′is fair and never reaches a state labeledp, we have thatK ′ 6|= AFp. Accordingly, the
formulaϕ we seek should be such thatK |= ϕ andK ′ 6|= ϕ. Since, however,K ′ is simulated
by K, and satisfaction of ACTL formulas is preserved under simulation [GL94], no suchϕ
exists.

A.3 Proof of the Theorem 3

We need to prove the correctness of the functiong described in the proof. We partition the proof
into three cases, corresponding to the three forms ofθ. We start with the first (B̈uchi) form.
Consider a fair pathπ in K satisfyingGFl1. It is not hard to see thatK, π[0] |=F EGEFl1.
For the other direction, assume thatπ = w0, w1, . . . is a fair path satisfying the requirements
of the formulaEGEFl1. Note that for alli ≥ 0 we havewi |= EFl1. According to Lemma 1
there is a minimal MSCCC in K, and an indexi, such thatinf(π) = visit(πi) = C. Being
a minimal MSCC, all states reachable from states inC are also in C. Recall thatwi ∈ C and
wi |= EFl1. Hence, there is a statev ∈ C, such thatl1 ∈ L(v). Sinceinf(π) = C, we have
thatv ∈ inf(π), which in turn implies thatK,π |= GFl1.

Consider now a formulaθ of the second (Rabin) form. Assume first thatπ = w0, w1, . . .
is a fair path satisfyingθ, and let1 ≤ i ≤ k be such thatπ |= GFli ∧ FGui. We claim
thatπ satisfies the requirements of the formulaEF (AGEFli ∧ AGui). By Lemma 1, there
is a minimal MSCCC ⊆ K, and an indexn, such thatinf(π) = visit(πn) = C. Observe
that sinceπ |= GFli ∧ FGui we have thatli holds infinitely many times in states alongπ,
and that there is an indexm such thatui holds in all states along the suffixπm. Also note
that inf(π) ⊆ visit(πj) ⊆ visit(πn) = inf(π) = C, for all j ≥ n. Thus, by takingj
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to bemax(m,n), we have thatvisit(πj) = C, and thatli holds in at least one state inC,
andui holds in all states inC. Let v be a state inC for which li holds. SinceC is strongly
connected, for every statew′ in C, there is a path fromw′ to v. By Lemma 2, such a path can
be extended to a fair path. Thus, for allw′ ∈ C, we havew′ |=F EFli. SinceC is a minimal
MSCC, every path starting in a state inC visits only states inC. Hence, for allw′ ∈ C, we
havew′ |=F AGEFli. Similarly, the sub-formulaAGui also holds fairly for every state inC.
Recall thatvisit(πj) = C. Thus, in particular,π[j] |=F AGEFli ∧ AGui, which proves our
claim. It follows thatK, w |=F EF (AGEFli ∧AGui), and we are done.

Assume now thatπ = w0, w1, . . . is a fair path satisfying the requirements of the formula
EF (AGEFli ∧AGui) for some1 ≤ i ≤ k. We prove thatπ |= GFli ∧FGui. By Lemma 1,
there is an indexn, such thatvisit(πn) = inf(π). Let m be a point alongπ where the
eventuality in the formulaEF (AGEFli∧AGui) holds. In other wordsπ[m] |=F AGEFli∧
AGui. Observe that for any CTL formulaη, if π[m] |=F AGη thenπ[j] |=F AGη, for all
j ≥ m. Also note thatinf(π) ⊆ visit(πj) ⊆ visit(πn) = inf(π), for all j ≥ n. Thus, by
taking j to bemax(m,n), we have thatπ[j] |=F AGEFli ∧ AGui, and thatvisit(πj) =
inf(π). Since there is at least one fair path starting inπ[j] (for exampleπj), we can infer
from π[j] |=F AGEFli that there is a statev, reachable fromπ[j], for which li holds. Recall
that visit(πj) = inf(π). Hence,π[j] ∈ inf(π). Sincev is reachable fromπ[j], from the
proof of Lemma 1, we have thatv ∈ inf(π) also. Hence,π |= GFli. It remains to show that
π |= FGui, but this is easy, sinceπj is fair andπ[j] |=F AGui.

Consider now a formulaθ of the third (Streett) form. Assume first thatπ = w0, w1, . . . is
a fair path satisfyingθ. We claim that it is sufficient to show that for all1 ≤ i ≤ k, there is an
indexji such thatπ[ji] |=F AGEFui orπ[ji] |=F AGli. To see that, observe that for any CTL
formulaη if π[j] |=F AGη thenπ[n] |=F AGη for all n ≥ j. Taken to bemax(j1, . . . , jk).
It follows thatπ[l] |=F

∧
1≤i≤k(AGEFui ∨AGli). Thus,K, w |=F g(θ).

Consider an index1 ≤ i ≤ k. We show that there is an indexj such thatπ[j] |=F AGEFui

or π[j] |=F AGli. We distinguish between two cases, depending on howπ satisfiesGFui ∨
FGli. Consider first the case whereπ |= GFui. By Lemma 1, there is a minimal MSCC
C ⊆ K, and an indexj, such thatvisit(πj) = C. Take a statev ∈ C for which ui holds.
Sinceπ |= GFui such a state exists. SinceC is strongly connected, for every statew′ in C,
there is a path fromw′ to v. By Lemma 2, such a path can be extended to a fair path. Thus, for
all w′ ∈ C, we havew′ |=F EFui. SinceC is a minimal MSCC, every path starting in a state
in C visits only states inC. Hence, for allw′ ∈ C, we havew′ |=F AGEFui. In particular,
we haveπ[j] |=F AGEFui.

Consider now the second case, whereπ |= FGli. Let m ≥ 0 be such thatπm |= Gli. By
Lemma 1, there is a minimal MSCCC ⊆ K, and an indexn, such thatinf(π) = visit(πn) =
C. Takej to bemax(m, n). Observe that sinceinf(π) ⊆ visit(πj) ⊆ visit(πn), we also
have thatvisit(πj) = C. Recall thatπm |= Gli and thatj ≥ m. Thus,w′ |=F li for all states
w′ in C. SinceC is a minimal MSCC, every path starting in a state inC visits only states in
C. Hence, for allw′ ∈ C, we havew′ |=F AGli. In particular, we haveπ[j] |=F AGli.

Assume now thatπ = w0, w1, . . . is a fair path satisfying the requirements of the formula
EF (AGEFui ∨ AGli), for all 1 ≤ i ≤ k. Consider an index1 ≤ i ≤ k. We show that
π |= GFui ∨ FGli. By Lemma 1, there is an indexn, such thatvisit(πn) = inf(π). Let m
be a point alongπ where the eventuality in the formulaEF (AGEFui ∨AGli) holds. In other
words,π[m] |=F AGEFui ∨ AGli. Observe that for any CTL formulaη, if π[m] |=F AGη
thenπ[j] |=F AGη, for all j ≥ m. Also note thatinf(π) ⊆ visit(πj) ⊆ visit(πn) = inf(π),
for all j ≥ n. Thus, by takingj to bemax(m, n), we have thatπ[j] |=F AGEFui ∨ AGli,
and thatvisit(πj) = inf(π). We claim that ifπ[j] |=F AGEFui thenπ |= GFui, and if
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π[j] |=F AGli thenπ |= FGli. To see that, first assume thatπ[j] |=F AGEFui. Since there
is at least one fair path starting inπ[j] (for exampleπj), we can infer that there is a statev,
reachable fromπ[j], in whichui holds. Recall thatvisit(πj) = inf(π). Hence,π[j] ∈ inf(π).
Sincev is reachable fromπ[j], from the proof of Lemma 1, we have thatv ∈ inf(π) also.
Thus,π |= GFui, which proves the first part of our claim. Assume now thatπ[j] |=F AGli.
Sinceπj is fair, it follows thatπj |= Gli. Thusπ |= FGli, and we are done.

A.4 Proof of Theorem 4

Consider the Kripke structureK = 〈{p, q}, {w0, w1, w2}, {〈w0, w1〉, 〈w1, w0〉, 〈w0, w2〉, 〈w2, w0〉}, L〉,
with L(w0) = L(w1) = {q} andL(w2) = {p}. LetA be a deterministic looping automaton
that accepts the single word({q}·{q}·{q}·{p})ω. Thus,A = 〈2{p,q}, {q0, q1, q2, q3, qrej}, δ, q0, {q0, q1, q2, q3}〉,
with δ(q0, {q}) = q1, δ(q1, {q}) = q2, δ(q2, {q}) = q3, δ(q3, {p}) = q0, and all other transi-
tions lead to the rejecting sinkqrej .

It is easy to see that the path(w0, w1, w0, w2)ω is a fair path inK that is accepted byA. On
the other hand, the only infinite path in the product ofK with A that do not reach the rejecting
sink is (〈w0, q0〉, 〈w1, q1〉, 〈w0, q2〉, 〈w2, q3〉)ω, which, due to the transition from〈w0, q0〉 to
〈w2, q1〉 and the transition from〈w0, q2〉 to 〈w1, q3〉, is not fair.
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