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Abstract. Formal verification methods model systems by Kripke structures. In order to
model live behaviors of systems, Kripke structures are augmentedaiitiess condi-

tions. Such conditions partition the computations of the systems into fair computations,
with respect to which verification proceeds, and unfair computations, which are ignored.
Reasoning about Kripke structures augmented with fairness is typically harder than rea-
soning about non-fair Kripke structures. We considerttheasition fairnesscondition,
where a computation is fair iff each transition that is enabled ninfinitely often is

also taken inr infinitely often. Transition fairness is a natural and useful fairness condi-
tion. We show that reasoning about Kripke structures augmented with transition fairness
is not harder than reasoning about non-fair Kripke structures. We demonstrate it for fair
CTL and LTL model checking, and the problem of calculating the dominators and post-
dominators.



1 Introduction

In formal verification we check that a system is correct with respect to a desired behavior
by checking that a mathematical model of the system satisfies a formal specification of the
behavior. Inmodel checkingwe model the system by lripke structure whose states cor-
respond to configurations of the system, and we specify the desired behavior by means of a
temporal-logicformula. The model-checking problem is then to decide, given a Kripke struc-
ture K and a temporal-logic formula, whetherk satisfies) [CE81,QS81]. Symbolic meth-

ods, abstraction, compositional methods, and many more heuristics have made model checking
a successful verification methodology, used in industrial design of both hardware and software
[CGP99].

Kripke structures describe only tBafebehaviors of systems. In order to motieé behav-
iors, we have to augment Kripke structures wirness conditionsSuch conditions partition
the set of infinite paths of a Kripke structuké (and thus also the set of infinite computations
of the system thaf{ models) into fair and unfair computations [MP92]. For example, when
the Kripke structure models a concurrent system, we may wish to restrict attention only to
computations in which the scheduler enables each process to proceed infinitely many times.

The model-checking problem can be adjusted to the fair setting: ihirnbar-time ap-
proach, specifications describe the desired behavior of all the computations of the system, and
thus refer to the language induced by the Kripke structure. Then, fair model checking amounts
to verifying that all the fair computations satisfy the desired behavior. Irbtaeching-time
approach, specifications may contain the path quantifie(for all paths) andE (exists a
path) and thus refer to the tree obtained by unwinding the Kripke structure. Then, in fair model
checking, path quantification ranges over fair paths only [CES86]. The transition to the fair set-
ting involves a computational price. The exact complexity of the fair model-checking problem
depends on the specification formalism and the specific fairness condition that is used.

We consider the fairness condition in which a computatias fair iff each transition that
is enabled inr infinitely often is also taken imr infinitely often. That is, for every transition
(w,w’) in the Kripke structure, if the path visits the statev infinitely many times, thenr
should also have infinitely many visits tothat are immediately followed by a visit to’. We
refer to this type of fairness amnsition fairness The transition fairness condition is related
to the classicadtrong-fairnessondition [MP92] Gtreetffairness), and is a very natural one in
reasoning about concurrent systems [LPS81,KPSZ02].

Reasoning about systems augmented with the strong-fairness condition is not easy, and
is related to the emptiness problem for nondeterministic Streett automata. While the latter
problem is PTIME-complete [EL87,KV98], no linear solutions are known, for both the enu-
merative and symbolic approaches. The best enumerative algorithm makes use of a lock-step
search, used in dynamic graph algorithms, and is at most quadratic in the size of the automa-
ton [HT96]. The best symbolic algorithm is based on the improved algorithm for detecting
strongly connected components and requipés(k + log n)) symbolic steps, for an automa-
ton of sizen and a strong-fairness condition withpairs [KPR98,BGS0G] The complexity
of model checking a specification with respect to a Kripke structur& augmented with a
strong-fairness condition with pairs is then the complexity of checking emptiness for an au-

8 We note that while it is possible to detect SCC also in linearly many symbolic steps [GPPO03], it is
not known whether the technique there can be applied for an efficient nonemptiness check of Streett
automata.



tomaton of sizé K'|2/#!, in the case of LTE, and|y| repeated checks for an automaton of size
| K|, in the case of CTL.

We study the problem of reasoning about systems augmented with the transition fairness
condition, and show that this special case of the strong-fairness condition is considerably sim-
pler. We consider the CTL and LTL model checking problems, as well as the related problem
of finding dominatorsandpostdominator§C+91] in directed graphs.

For model checking, we show that fair CTL model checking can be reduced to non-fair
CTL model checking. To do so, we introduce a functjowith the following properties. Given
a CTL formulayp, the functionf mapsy to another CTL formulaf(¢) such that for every
Kripke structureK and statew in it, w satisfiesy fairly iff w satisfiesf () non-fairly. The
length of f(¢) is linear in the length ofp. The complexity of the algorithm that follows then
coincides with the one for non-fair CTL model checking. Since the funcfimsimple, it is
easy to implement it on top of both enumerative and symbolic CTL model-checking tools.

In order to handle LTL model checking, we introduce a functijothat maps LTL for-
mulasé of some specific forms to a CTL formulg#) such that a fair Kripke structur&’
has a path that fairly satisfigsiff K fairly satisfiesg(6), which in turn can be reduced to
checking whethefs satisfiesf(g(6)). The forms off we handle are these that correspond
to the Hichi, Rabin, and Streett acceptance conditions for automata on infinite words. In the
automata-theoretic approach to LTL model checking [VW94], we translate an LTL fornula
into an automatow! -, that accepts exactly all the computations that violatdodel check-
ing is then reduced to checking the emptiness of the produéf efith A-,,, which corre-
sponds, in the cask is augmented with a fairness condition, to checking whether the product
contains a path whose projection on the state&’db fair, and which satisfies a formuta
induced by the acceptance condition4f,,, and is therefore of one of the forms above. Our
algorithm can therefore handle many LTL model-checking instances. On the other hand, as
taking the product of< with 4, does not preserve transition fairness, our algorithm does not
handle all LTL model-checking instances.

The problem of finding th@ostdominatorgor, dually, thedominator3 of a given state
in the Kripke structure has application in the area of program analysis and compiler opti-
mizations [C91]. In this application area, the control-flow graph of a program is the Kripke
structure, where states correspond to basic blocks in the program and transitions correspond
to control-flow transitions between basic blocks in the program. Dominators form the basis of
an intermediate representation known as static single assignment farai[Gvidely used
in optimizing compilers. Computation of postdominators is required for the computation of
control dependences in the program dependence graph [FOW87], a data structure used for the
automatic parallelization of programs as well as program slicing.

For a statev of a Kripke structure, the set of postdominatoraugfdenotedpd(w), is the
set of states such that all paths fron» eventually reack. Dually, the set of dominators af,
denotediom(w), is the set of statessuch that all paths t@ pass througk. The definition of
pd(w) and its applications are of interest mainly in Kripke structures augmented with fairness.
Indeed, it makes sense to requir® be reachable only along fair paths, in particular, paths that
eventually reach a halting or an error state, or paths that are fair with respect to our transition
fairness condition. That is, the definition@f(w) as used in compiler optimizations generally
assumes that loops eventually terminate.

It is easy to show that i postdominates andz # w thenpd(z) C pd(w). This means
that the postdomination relation can be represented as a tree, wigthe parent ofv in
the tree iffpd(w) = {w} U pd(x) (in this casey is called the “immediate postdominator” of

4 See [LHOO] for the case the system is modeled by a petri net.



w). There are several efficient algorithms for calculating dominator and postdominator trees
[LT79,BKAW98]. Once the tree has been computed, thepdét) can be enumerated in time
proportional to|pd(x)|, for all statesc. However, the above techniques maintain an explicit
representation of the Kripke structure as a directed graph and explicitly represent the post-
dominator tree. We use the technique we developed for fair CTL model checking in order to
describe a symbolic algorithm that efficiently computes an ROBDD of gairs) such that

s € pd(w). Such a representation is useful because in the application domain of program anal-
ysis it often is necessary to enumeratkw) for manyw without knowing in advance which

w will be queried.

2 Preliminaries
2.1 Temporal Logics

We describe the desired behavior of systems by temporal-logic formulas. The_Tdgis a

linear temporal logic. Formulas of LTL describe computations and are constructed from a set
AP of atomic propositions using the usual Boolean operators and the temporal opéfators
(“next™) andU (“until”). Formally, given a setA P, an LTL formula is one of the following:

— true, false orp, forp € AP.
— =)y, 1 Ve, Xhy, Orip1Utbe, Wherey andy), are LTL formulas.

We also use the abbreviations —, and <, interpreted in the usual wayy = trueUvy
(“eventually”), Gy = = F—p (“always”), andyy Wipe = 11Ut V Gy (“weak until”).

The logicCTL s a branching temporal logic. In CTL, we precede each temporal operator
by a path quantifier, eithet (“for some path”) orA (“for all paths”). Thus, a CTL formula is
either:

— true, false orp, forp € AP.

— —p1 O 1 V o, Wherep; andp, are CTL formulas.

— EX ¢y or AX o1, wherep; is a CTL formula.

— Ep1Ugps or Ap1U sy, Wherep; andy, are CTL formulas.

Note that theZ and F' abbreviations used in LTL can be used also in CTL, i, =
AtrueU 1, and so can th& abbreviation. Thus, whil&yp W s = E(p1Ups V Geq) is not
a CTL formula, it is equivalent to the CTL formul@p,Ups V EGpy. Similarly, Ap; W,
is equivalent to the CTL formulaE (—¢2)U (—¢1 A —p2). Accordingly, we refer taETW and
AW as legal CTL modalities.

We define the semantics of temporal-logic formulas with respegtifike structureswith
which we model systems. A Kripke structufé = (AP, W, R, Wy, L) consists of a sel P
of atomic propositions, a sét” of states, a sétiy, C W of initial states, a transition relation
R C W x W that is total in its first element (i.e., for eaeh € W there exists at least one
w’ with R(w,w’)), and a labeling functior, : W — 24P which maps each state to the
set of atomic propositions true in this state. Whefw, w’), we say thatw’ is a successor
of w. A pathin K represents aomputationof the system modeled by the Kripke structure
and is a (possibly finite) sequence of states wg, w1, . .., such that for ali > 0, we have
R(w;,w;11). The pathr is initial if wy, € W,. We user® to denote the suffixv;, w;y1, ...
of 7, and we user|[i| to denote the'th state inw. The set of states that visits is denoted
by visit(r), and the set of states thavisits infinitely often is denoted bin f (7). Formally,
visit(m) = {w : w = w; forsomej}, andinf(r) = {w : w = w; for infinitely many;}.
Note thatin f () C visit(n).



Recall that LTL is a linear temporal logic, thus its formulas are interpreted over paths of
the Kripke structure. We usE, = |= « to indicate that the LTL formula holds along the path
« of K. On the other hand, CTL is a branching temporal logic and its formulas are interpreted
over states of the Kripke structure. We Usew = ¢ to indicate that the CTL formula holds
in the statev of K. WhenK is clear from the context, we simply write = ¢ or w = ¢. For
the definition of the relatiop= see [Eme90]. We say that a Kripke structi¥esatisfies an LTL
formulay, denotedK = ¢, if all the initial paths ofK satisfy. Likewise, K satisfies a CTL
formulay, denotedk” |~ ¢, if all the initial states of satisfy .

A Kripke structureK = (AP, W, R, Wy, L) induces a directed grapix = (W, R).
Notations and definitions from graph theory are then applied to Kripke structures in a straight-
forward way. A statew is reachablefrom a statev iff there is a finite (possibly empty) path
wop, Wy, . . ., Wy SUch thab = wy andw = w,, and for eveny) < i < n, we haveR(w;, w;y1).

A strongly connected compone{8CC, for short) is a subsét of IV such that every state

in C'is reachable from every other state(h via states inC. A maximal strongly connected
componen{MSCC, for short) is an SCC C that is maximal in the sense that we cannot add
states to it and still have an SCC. Note that the MSCCs partition W.

Given two MSCC'sC andC’ we say thatC < ("’ if there are states € ¢’ andw € C
such thatw is reachable fromv. The relation< defined above constitutes a partial ordering of
the set of MSCCs of(. A MSCC C is called aminimaP MSCCif for every MSCCC’, we
have thatC < C’. Note that all the minimal MSCCs in a Kripke structure are not trivial (i.e.,
they contain at least one edge) sifnRés total in its first element.

It is not hard to see that for every statec W there is at least one minimal MSCC
such that for every state € C', we have thatv is reachable fromv. Observe that since there
are no trivial minimal MSCCs we can assume that evegbove is reachable fromusing a
non-empty path.

2.2 Fairness

A fairness conditioron a Kripke structurds partitions the paths of into fair and unfair

paths. The Bchi, Rabin, and Streett acceptance conditions for word automata (for a survey on
word automata see [Tho90]) can also be viewed as fairness conditions on Kripke structures.
For example, a path of K is fair with respect to a Bchi conditiona C W iff 7 visits states

in « infinitely often. In this paper we consideansition fairnessdefined as follows:

— A pathr is fair with respect to the transition fairness condition iff all the transitions that
are enabled along infinitely often are also taken along infinitely often. Formally, a
transition{v, w) € R is enabledin position: along, if 7 [i] = v. Itis taken if in addition
m[t + 1] = w. Thus, equivalently, a path is fair with respect to the transition fairness
condition iff for allv € W, if v € inf(7) andR(v, w) thenn[i] = v andz[i + 1] = w for
infinitely manysi'’s.

A fair Kripke structurelC = (K, «) consists of a Kripke structur® and a fairness condi-
tion o for K (note that in the case of transition fairness, there is no need to specify a specific
thusa is some flag indicating the type of fairness). The semantics of LTL and CTL is adjusted
to fair Kripke structures by letting path quantification range over fair paths only. For example,
an LTL formulasy is fairly satisfiedin K, denotedC =5 ¢, if all the fair initial paths ofK
satisfyi). For CTL, we useél, w =r ¢ to indicate that a CTL formula is fairly satisfied in

5 Note that the word “minimal” is with respect to the partial ordering, while the “M” in “MSCC” stands
for “maximal subset”, and has nothing to do with the partial ordering.



the statav of the fair Kripke structuréC, and useC |=r ¢ to indicate that is fairly satisfied
in all the initial states of<. For details, see [CGP99].

Note that the transition fairness condition is related toshecessofairness condition,
where a pathr is fair iff all the successors of a statesrthat is visited infinitely often are also
visited infinitely often. That isr is fair iff for all v € W, if v € inf(7) and R(v, w) then
w € inf(m). Successor fairness is a special case of the Streett fairness condition, and, like
transition fairness, is used in order to ignore paths that get stuck in a MSCC that is not minimal
(c.f., [Var85]). Transition fairness is stronger than successor fairness in the sense that for every
Kripke structurel(, if a pathz of K is fair with respect to the transition fairness condition, then
m is also fair with respect to the successor fairness condition. The opposite is not necessarily
true, ast may satisfy the successor fairness condition and not satisfy the transition fairness
condition.

In the rest of this paper we study the model-checking problem and the problem of finding
dominators and postdominators for Kripke structures augmented with the transition fairness
condition. Our results are valid also for the successor fairness condition. For simplicity, we
will only use the terms “fair path” or “fair Kripke structure”, without repeating the type of
fairness.

2.3 Observations on fair paths

Recall that if a fair pathr visits a statev infinitely often, then it also visits all the successors

of v infinitely often. Such a fair behavior cascades from every successor to its own successors.
As we formally state below, this guarantees that a fair path eventually gets trapped in some
minimal MSCC, where it traverses all the states of the MSCC infinitely often.

Lemmal. Let K = (K, «), with K = (AP,W, R,W)y, L), be a fair Kripke structure. If
m is a fair path inIC then there exists a minimal MSGC in K, and an index, such that
inf(m) = visit(r?) = C.

Proof: Let w be a fair path. Since for all > 0, we have thatnf(r) = inf(x*), and
inf(n?) C wisit(n?), then clearlyinf(n) C wvisit(n?). It therefore suffices to show that
there is a minimal MSCQ@”, such thatC C inf(w), and that there is an indexsuch that
visit(r') C C.

We first prove that there is a minimal MSQC, such thatC' C in f(r). Consider a state
v € inf(m). We claim that for every state that is reachable id<{ from v, we have that
w € inf(m). We prove the claim by an induction on the distamcef w from v. The case
wheren = 0 (that is,w = v) is trivial. Assume that the lemma holds for we prove it for
n + 1. Letv=wpy,wy, ..., w,11=w be a path of lengtm + 1 from v to w. The statew,,
is at distancen from v and thus, by the induction hypothesis, satisfigse inf(w). Since
R(wy,wn+1), the fairness ofr implies thatw,, 1 € inf(7), and we are done. Now, Iét be
some minimal MSCC that is reachable framNote that all states in' are reachable from.
Thus, by the claim abové; C inf(7).

We now prove that there is an indefor whichvisit(r?) C C. Leti be such that|i] € C.
SinceC C in f(m) such an exists. Since” is a minimal MSCC, all states reachable frat)
must also be irC. In particular, all the states that visits after positioni are inC'. Thus,
visit(n?) C C, and we are done. O

Lemma 2. Let K = (K, «), with K = (AP,W, R,W,y, L), be a fair Kripke structure. Ev-
ery (possibly empty) finite pathg, w1, ..., w; in K can be extended to an infinite fair path
Wo, W1y -, Wy«



Proof: We prove the case where the path is empty. That is, we prove that foreverjV,

there exists a fair path starting in. The general case then follows by taking to be w.
Givenw € W, we construct a fair path starting at Let v be a state that is reachable from

w and belongs to some minimal MSQC Letw, vy, ..., v;, v be a path fromw to v, and let

v, V], 04, ..., v}, v be acycle that traverses all the edge€’irSinceC is strongly connected,
such a cycle exist. Consider the patk= w, vy, ..., v;- (v,v1,. .., v.,)*. We prove thatr is an
infinite fair path. Recall that sina€ is a minimal MSCC, itis not trivial, so we can assume that
the cyclev, vy, ..., v}, v has at least one transition and two (not necessarily different) states.
Thus, the sequenag vi, ..., v, has at least one state, ands infinite. By our choice of the
cyclewv, v}, v5, ..., vy, v, the pathr is fair, and we are done. O

3 Fair Model Checking

In this section we reduce fair model checking to non-fair CTL model checking, and analyze the
complexity of the algorithm that follows. We start with CTL, and then proceed to fragments of
LTL.

3.1 Fair CTL model checking

Our fair CTL model-checking algorithm is based on a functfathat maps each CTL formula
 to another CTL formulg (¢) such that for every fair Kripke structuté = (K, o) and state
w in it, we have thatC, w satisfiesp fairly iff K, w satisfiesf () non-fairly. The length of
f(p) is linear in the length of. Formally, we have the following.

Theorem 1. There is a functiory : CTL formulas— CTL formulas such that for every CTL
formula¢, the following hold.

D) £ ()] = O(¢)).
(2) For every fair Kripke structuredC = (K, «), with K = (AP, W, R, W), L), and state
w e W, we havelC,w =r ¢ iff K,w = f(p).

Proof: We definef by induction on the structure gf as follows.

true) = true and f(false) = false

p) =pforpe AP.

1) = ~f(e1).

01V p2) = fe1) V fp2).

) =EX[f(p1).

AXp1) = AX f(p1).

Ep1Upa) = Ef (1)U f(p2).

Ap1Upa) = A(f(p1) N EF f(p2))W f(p2).

Itis easy to see thaf (¢)| = O(]¢]). We prove Claim (2) in detalil. The proof proceeds by
an induction on the structure gf The induction base, whete = true, ¢ = false or ¢ = p,
for p € AP is trivial. For the induction step, assume that Claim (2) holdsA#pandy,. That
is, for every fair Kripke structuréC, and every statey € W, we have thatC,w Er ¢ iff
K,w = f(¢1), and similarly forps.
The cases wherg is of the form—p1, ¢1 V @2, EX @1, AX p1, 0r Ep1Ugo are relatively
easy, and are described in Appendix A.1. Here we consider the more interesting case, where
v = Ap1Upy. Assume first thalC, w Er Ap1Ups. Consider a (possibly unfair) path

[y



starting atw. We show that either (case 1) therekis> 0 such thatr[k] = f(y2) and all
0 < i < k are such thatr[i] = f(¢1) A EFf(p2), or (case 2) ali > 0 are such that
7[i] |= f(1) A EF f(p2). Itfollows that K, w = A(f(p1) A EF f(p2))W f(p2).

We distinguish between two cases, which actually correspond to the two cases above. If
there is a state alongthat fairly satisfies,, we prove that case 1 above holds:Het 0 be the
minimal index for whichr[k] =F ¢2. By Lemma 2, the path[0], ..., x[k] can be extended
to a fair path. Sinc&C, w = Ap1Uwpq, our choice ofk guarantees that[k] =r ¢ and
7[i] Er ¢1 forall 0 < i < k. By the induction hypothesig[k] = f(¢2) and(i] = f(¢1)
forall 0 < i < k. Moreover, sincer[k] = f(y¢2), then for all0 < i < k, we have that
7[i] | EF f(p2). Thus, case 1 holds for.

In the other case, that is, if no state alanépirly satisfiesps, we prove that case 2 above
holds. Consider an index > 0. By Lemma 2, the patix[0],...,n[{] can be extended to
a fair pathm;. SincelC,w Er Ap1Ugs, there is an index such thatr;[k] Er p2 and
milj] Er @1 forall 0 < j < k. Sincen[j] Fr 2 for all j < ¢, it must be tha& > 4. By
the induction hypothesisy;[j] = f(¢1) forall 0 < j < k. Moreover, sincer;[k] = f(p2),
then for all0 < j < k, we have thatr;[j] = EF f(p2). Recall thatt > i. Thus, in particular,
mi[i] = w[i] E f(e1) A EF f(p2), and case 2 holds for.

Assume now thal(, w = A(f(p1) A EF f(p2))W f(p2). Letw be a fair path that starts
atw. We first prove that there must be an inde% 0 such that’{, 7[k] &= f(¢2). Sincer is
fair, By Lemma 1, there is a minimal MSCC C K, and an index, such thavisit(r?) = C.
Assume by way of contradiction that hoas above exists. Then for gll> 0, we have that
K,7[j] E (f(¢1) AN EF f(p2)). SinceC is minimal, all states reachable from state<n
are also inC. Hence, asrfi] € C and K, 7[i] = EFf(y2), there is a state € C such
thatv = f(p2). Since, howeverC' = wvisit(r'), there must bé& > 0 such thaty = 7[k],
and we reach a contradiction. So, lebe the minimal index for which<, x[k] E f(v2).
Then, by assumptiorf{, 7[i] |= f(e1) forall 0 < i < k. Thus, by the induction hypothesis,
K, 7 = ¢1Ups, and we are done. O

For the sake of completeness, we state here the result of applying the fufictioabbre-
viated CTL operators.

(EF901> EFf(‘Pl)
f(AFsal) A(EFf(¢1))W f(1).
— f(EGy1) = Ef(p1)UAG f(¢1).
— f(AGy1) = AG (1)
— f(Ep1 W) = Ef(e1)U(f(w2) VAGf(p1)).

— f(Ap1Wa) = Af(p1)W f(p2).

Since f involves a linear blow-up and reduces fair CTL model checking to non-fair CTL
model checking, the improved complexity for fair CTL model checking follows from the
known complexity of the non-fair case [CES86,BCBR]:

Corollary 1. The fair CTL model-checking problekh = ¢ for X augmented with transition
fairness can be solved in time linear|iki| and|¢|, or using at mostk||¢| symbolic steps.

Interestingly, the functiorf mapsuniversal CTL(ACTL, for short) formulas (that is, for-
mulas that do not use the existential path quantifier, and whose satisfaction is preserved under
simulation [GL94]) to CTL formulas that do use the existential path quantifier. As we now
show, the use of the existential path quantifier is essential. We prove it already for the ACTL
formula AF'p. (See Appendix A.2 for the proof.)



Theorem 2. Consider a fair Kripke structuréC = (K, «). There is no ACTL formula such
thatC |=p AFpiff K |= .

In Section 5 we discuss the theoretical aspects of Theorem 2, and its relation to the open
problem about the expressive power of the linear fragments of CTL and ACTL.

3.2 Beyond CTL

The correctness of the functighfollows from the observations on fair paths studied in Sec-
tion 2.3. In this section we use these observations in the context of LTL model checking. We
show that for many common LTL formulas, fair model checking can be reduced to fair CTL
model checking, which in turn can be reduced to non-fair CTL model checking. The LTL for-
mulas we consider are those that specify acceptanceliohiBRabin, and Streett automata.
Formally, we have the following.

Theorem 3. Let iy, uq,ls,us, ..., I, ur be atomic propositions, for sonmie > 1. Consider
the following three forms of LTL formulas:

1. (Buchi)6 = GFl,.
2. (Rabin)d = \/1<i<k(GFli A\ FGUZ)
3. (Streett) = A\ ;<. (GFu; V FG;).

There is a partial mapping : LTL formulas— CTL formulas such that for every LTL formula
0 of one of the three forms above, the following hold.

D) lg(0)] = O(|8)).
(2) Forevery fair Kripke structuréC = (K, a), with K = (AP, W, R, Wy, L), and every state
w € W, there is a fair pathr in K, starting atw, such that’i{, = |= 0 iff K, w =r g(0).

Proof: We defineg as follows.

1. ¢(GFly) = EGEFI,.
2. g(\/1<i<k(GFli AN FGUl)) = EF(\/1<Z<k(AGEFl2 AN AGUZ))

It is easy to see thdy(f)| = O(|f]). The proof of the correctness gfis given in Ap-
pendix A.3. 0

One immediate application of Theorem 3 is fair LTL model checking of formulas of the
form —6, for 6 of one of the three forms above (note that Theorem 3 follows the existential
approach, where one looks for a path that violates the property). A more ambitious application
is to use the functiom in order to fairly model check all LTL formulas: let be an LTL for-
mula. In the automata-theoretic approach to LTL model checking [VW94], we check whether
all the paths of a Kripke structurk satisfy by checking whether the product &f with an
automaton4._;, that accepts all the words that violatedoes not contain bad path— a path
whose projection on the states df,,, is an accepting run ofl_,,. Indeed, the projection of
such a path on the states Af is a path ofK that is accepted byl-,,, and thus violateg.

The search for a bad path is reduced to checking whether there is a path in the product that
satisfies an LTL formuld induced by the acceptance condition4f,,. Thus, assumingl-,

is a Buchi, Rabin, or Streett automatahis of one of the forms handled in Theorem 3. When

the Kripke structurek is augmented with a fairness conditiap,is violated iff the product
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contains a path whose projection on the stated of is an accepting run ofl;, and whose
projection on the states df is a fair path of K. A detection of such a path can be done as
described above by augmenting the product with a fairness condition. Then, the path that satis-
fiesf should be a fair path. To conclude, fair LTL model checking can be reduced to checking
whether the product ok and.A-,,, has a fair path that satisfies an LTL formula of a specific
form.

Unfortunately, the fact thak™ is augmented with the transition fairness condition does not
imply that fair paths in the product correspond to fair path&inand vice versa. Technically,
the product ofi{ with 4, may have non-fair paths whose projection on the statés isffair
path of K. Below we show that the problem exists already for determinisficiBautomata,
implying that determinization, or a restriction to thédhi acceptance condition do note solve
this problem. (See Appendix A.4 for the proof.)

Theorem 4. There is a fair Kripke structur& = (K, o)) and a deterministic Bchi automaton

A with a setl” of accepting states such that there exists a fair patk that is accepted by,

yet the product ok and.4 has no fair path that visits infinitely many states whose projection
on the states afl is in F.

Reducing fair LTL model checking to fair CTL model checking, we are able to use Corol-
lary 1, and obtain similar complexity results for LTL.:

Corollary 2. The fair LTL model-checking problefd = —6 for X augmented with tran-
sition fairness and of one of the forms handled in Theorem 3 can be solved in time linear
in |[KC| and 6], or using at mostkC||f| symbolic steps. Moreover, f is an LTL formula and

K E=r o iff the product ofC with A, fairly satisfies—6, then the LTL model-checking prob-
lemK = ¢ can be solved in time linear ifiC| and.A-,, or using at mosfC||.A-,| symbolic
steps.

We note that the automato#.,,, may be exponential ifty|. Moreover, sometimes we can
achieve the desired property of the product having the transition fairness condition by applying
to A, transformations that blow-up its state space further. Nevertheless fsiregypically
much larger than) and the exponential blow up, as well as additional blow ups, do rarely
appear in practice, the technique still pays off, as the algorithm that follows is linear, rather
than quadratic, ink]|.

4 Computation of Postdominators and Dominators

In this section we use the technique developed in Section 3 in order to describe an efficient and
symbolic algorithm for calculating the dominators and post-dominators of states in a Kripke
structure.
For a statev of a Kripke structuref, the set of postdominators af, denotedpd(w), is
the set of states such that all paths fromv eventually reaci. Dually, the set of dominators
of w, denotediom(w), is the set of statessuch that all paths te pass through. Let K"
be the Kripke structure derived frofd by reversing the direction of transitions. That4§7"
is identical toK, only that its transition relatioi®™" is such that for all states andw’, we
have thatR™" (w, w’) iff R(w’,w). Itis not hard hard to see thdbm(w) is the set of states
s such that all paths fromv eventually reacls in K. Thus, a state is in pd(w) in K iff s
is in dom(w) in K™". We study here the computation of postdominators. By the above, our
results can be applied also for the computation of dominators.
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As discussed in Section 1, the calculatiornpdfw) is not an easy problem. On the other
hand, it is not hard to calculate, given all the statesv for which s € pd(w). Indeed,w
has to (fairly) satisfyAF's. Let pd—!(s) be the set of all state® such thats is in pd(w).
Thatis,pd=!(s) = {w : s € pd(w)}. The definition ofpd~! still leaves open the problem of
calculatingpd effectively. In many applications, however, the goal is to calculate all paits)
such thak € pd(w). Then, the fact that we considef ! is not a disadvantage. Indeed, instead
of calculatingpd(w) for all w, we can calculatpd—(s) for all s). On the other hand, such an
approach requires linearly many calculationgdf ! — one calculation for each € W. So,
even if calculation oppd~! is reduced to a single fair CTL model-checking query, and even
when such a query is reduced, as described in Section 3, to a non-fair model-checking query,
and is calculated symbolically, we have to apply it linearly many times. The whole procedure
is therefore not truly symbolfc

We describe a truly symbolic algorithm for this task. Consider a Kripke strudture
(AP,W,R, Wy, L). Let PD = {(s,w) : s € pd(w)}, and letzy,...,z, ben variables used
for encoding the state spacelgf We assume that’ is given symbolically. In particular, we are

given an ROBDDfy overxy,...,.x,, =1, . ..,z that describes the transition relatiéh We
generate an ROBDIB,, overzy, . .., .y, o4, ..., 2], suchthalf,q(zy,. .., .n, 2}, ..., 2),) =
true iff the statess andw encoded by, ..., .z, andz),. .., =}, respectively, are such that
(s,w) € PD.

To explain our algorithm, we first describe it for a Kripke structiéifewith no fairness.
Then, PD = {(s,w) : w |= AFs}. Consider the operator (on a sBt C W x W)
PairAX(P) = {(v,w) : for all successors of w, we havév,u) € P}. Thus, for each pair
(v,w) in P, the operatoPair AX (P) applies theAX operator (universal preimage) to,
leavingv unchanged. Note thd&air AX can be implemented symbolically: given an ROBDD
for P and the ROBDDf, the construction of an ROBDD faPair AX (P) is similar to the
construction of an ROBDD forl X (S), given an ROBDD for a sef of states [BCM 92].

Now, let Py = {{(w,w) : w € W}, andP,1; = P; U PairAX (F;), for all i > 0. Intuitively,
P; contains all pairgs, w) such that all the paths from reachs within at most; transitions.
It follows that the fixed-point of the above sequence is thefsBt In other words, we can
describeP D by means of the fixed-point expressipp.Py V PairAX (y), and calculate it
symbolically.

When K is augmented by a transition fairness conditi®) = {(s,w) : w Er AFs}.
Equivalently, by Theorem 1PD = {(s,w) : w = A(EFs)Ws}. Recall thatdp; W, =
S E(=p2)U(—p1 A —p2). Accordingly, A(EFs)W s = =E(-s)U(AG=s). Consider the op-
erator PairEX (P) = {{v,w) : thereis a successarof w for which(v,u) € P}. Like
PairAX, the operatorPair EX is “the pair version” of the operatoE X, and it can be
implemented symbolically. Finally, leBy = {(w,s) : w # s}. Using Py, PairAX, and
PairEX, we can describe the s&D by means of the (alternation free) fixed-point expres-
sion—puy.vz.(Py N AXz) V (Po A PairEX (y)), and calculate it symbolically.

We note that, in the context of postdominators and dominakois often augmented with a
fairness condition that restricts attention to paths that visit some designated states. In particular,
in pd(w) we care for paths that start atand eventually reach a halting or error states, and
in dom(w) we care for paths that start at some initial state and eventually reaChur idea
above applies also in these cases. Then, instead of using the technique in Section 3, removal of
fairness is easier. To see this, consider the problem of calcujating s) in a Kripke structure
in which the fairness condition restricts attention to paths that eventually visit a state labeled
end. Note that thenw Er AFsiff w = ¢, for the CTL formulay = A(Fend — Fs).

5 For a similar challenge, in the contextadverage in model checkingee [CKV01].
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As proved in [KG96],» has an equivalent CTL formula, aflD can be calculated using the
operatorPair AX.

5 Discussion

We studied reasoning about systems augmented with the transition fairness condition. We
showed that while fairness usually makes reasoning harder, this is not the case for transition
fairness.

The key to our results is the ability to translate a specificagido a CTL formulay’ of
length linear in the length ap such thaty is satisfied fairly iff ' is satisfied non-fairly. The
formulay’ may contain the existential path quantifier even if o imposes only universal re-
quirements (thatisp is in LTL or ACTL). For example, ifp = AFp, theny’ = A(EFp)Wp,
and we showed that the use of the existential path quantifietimrequired — n@’ in ACTL
can do the job. These observations are of interest with respect to the relative expressive power
of the linear fragments of CTL and ACTL. Consider an LTL formulaAssume that) has
an equivalent CTL formula. Can we then guarantee thatso has an equivalent ACTL for-
mula? This seems very likely, asimposes only linear, and hence universal, requirements.
The question, however, is open, and the characterization in [Mai00], of LACTL, may not
apply for LTL N CTL. The fact that the existential path quantifier is essential in the domain of
the functionf implies that, in the context of transition fairness, the answer to the question is
negative: there are formulas in LT ACTL that have a non-fair equivalence in CTL, but no
non-fair equivalence in ACTL.

Another issue that is still open is extending the technique described in Section 3.2 to full
LTL. As explained there, a straightforward application of the automata-theoretic approach does
not work, as the transition fairness condition of the Kripke structure induces a different type of
fairness condition in the product. We are searching for properties of the specification automa-
ton, possibly properties relating the Kripke structure and the specification automaton, with
which the technique can be applied in all LTL model-checking instances. We note that even
when the transition to an automaton with such a property involves an addition exponential
blow-up, the technique pays off, as it reduces the LTL model-checking task to an evaluation of
a single fixed-point on the product, rather than a nested fixed-point, in the case a reduction to
CTL model checking is impossible.
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A Proofs
A.1 Proof of Theorem 1

Recall we proceeds by induction on the structure of

The cases wherg = —p; andp = ¢ V ¢, follow immediately from the definition of
f. Consider the case whege= EX ;. Assume first thall,w =r EX ;. Then, thereis a
fair pathm, such thatr[0] = w andn[1] =F 1. By the induction hypothesis;[1] &= f(e1).
HenceK,w = EX f(¢1). Assume now thal(, w = EX f(¢1). Let 7 be a (possibly unfair)
path such that[0] = w and~x[1] = f(¢1). By the induction hypothesis;[1] =r ¢1. By
Lemma 2, we can extend the patfd], 7[1] to a fair path, implying thak’, w Er EX ;. The
casep = AX 1 is dual.

Consider the case whege= F¢,Ups. Assume first thakl, w |=r Ep1Ups. Then, there
is a fair pathr starting atw, and there is an index > 0 such thatr[k] =F w2 andn[i] =7 1
forall 0 < i < k. By the induction hypothesisi[k] E f(v2) andx[i] = f(¢1) for all
0 < i < k.Hence,K,w = Ef(¢1)Uf(p2). Assume now thaf{,w = Ef(p1)U f(p2).
Then, there is a (possibly unfair) pathstarting atw, and there is an indek > 0, such that
w[k] = f(p2) andn[i] = f(e1) forall 0 < i < k. By the induction hypothesis;[k] =r @2
andr[i] Er ¢1 forall 0 < i < k. By Lemma 2, the path([0],. .., n[k] can be extended to a
fair path, implying thatC, w Er Ep1Ups.

A.2 Proof of Theorem 2

Consider the two Kripke structurdé and K’ whereK = ({p, ¢}, {wo, w1, w2}, {(wo, w1),

(’U.)l, wo), (’U.)o, ’U)Q), (”LUQ,U]O)}, L>, with L(’U}Q) = L(’U.)l) = {q} andL(’U)Q) = {p}, andK' is
obtained fromi by eliminating the state, and the transitions to and from it. Since a path that
consistently avoidv, in K is not fair, K = AFp. On the other hand, since the single path
of K'is fair and never reaches a state labeledve have thatx’ [~ AFp. Accordingly, the
formulap we seek should be such th&t = ¢ and K’ (£ ¢. Since, howeverk” is simulated

by K, and satisfaction of ACTL formulas is preserved under simulation [GL94], no gsuch
exists.

A.3 Proof of the Theorem 3

We need to prove the correctness of the functidescribed in the proof. We partition the proof
into three cases, corresponding to the three form& ®¥e start with the first (Bchi) form.
Consider a fair path in K satisfyingGFl;. It is not hard to see tha&k', 7[0] r EGEFI;.
For the other direction, assume that= wq, w1, . .. is a fair path satisfying the requirements
of the formulaEGEF'l;. Note that for al > 0 we havew; = EFl;. According to Lemma 1
there is a minimal MSC@ in K, and an index, such thatn f(r) = visit(r') = C. Being
a minimal MSCC, all states reachable from state€'iare also in C. Recall that; € C' and
w; |E EFly. Hence, there is a statec C, such thaf; € L(v). Sinceinf(7) = C, we have
thatv € inf(m), which in turn implies thaf, = = GFl;.

Consider now a formuld of the second (Rabin) form. Assume first that= wq, w1, . ..
is a fair path satisfying, and letl < ¢ < k be such thatr = GFl; A FGu;. We claim
thatr satisfies the requirements of the formild’(AGEF[; A AGu;). By Lemma 1, there
is a minimal MSCCC' C K, and an index:, such thatinf(r) = visit(n™) = C. Observe
that sincer = GFl; A FGu; we have thal; holds infinitely many times in states along
and that there is an index such thatu; holds in all states along the suffix™. Also note
thatinf(r) C wvisit(r?) C wisit(z™) = inf(mr) = C, for all j > n. Thus, by takingj
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to bemax(m, n), we have thavisit(n/) = C, and that/; holds in at least one state @,
andu; holds in all states ir’. Let v be a state irC for which [; holds. SinceC' is strongly
connected, for every state in C, there is a path fromn’ to v. By Lemma 2, such a path can
be extended to a fair path. Thus, forafl € C, we havew’ =r EFI;. SinceC is a minimal
MSCC, every path starting in a statedhvisits only states irC. Hence, for allw’ € C, we
havew’ =r AGEF1I;. Similarly, the sub-formuladGu; also holds fairly for every state ifi.
Recall thawisit(m?) = C. Thus, in particularr[j] Er AGEFI; A AGu;, which proves our
claim. It follows that, w = EF(AGEFI; A AGu;), and we are done.

Assume now that = wg, w1, . . . is a fair path satisfying the requirements of the formula
EF(AGEFI; N AGu;) for somel < i < k. We prove thatr = GFl; A FGu,. By Lemma 1,
there is an index:, such thatvisit(z™) = inf(r). Let m be a point alongr where the
eventuality in the formul& F(AGEFI; A AGu;) holds. In other words|[m] =r AGEFI; A
AGu;. Observe that for any CTL formulg, if 7[m] =r AGn thenx[j] Er AGn, for all
j > m. Also note thatinf(r) C visit(r?) C visit(r") = inf(x), for all j > n. Thus, by
taking j to be max(m,n), we have thatr[j] Er AGEFI; A AGu;, and thatvisit(n?) =
inf(rm). Since there is at least one fair path startingr(ii] (for examplen?), we can infer
from 7[j] =r AGEFI, that there is a state, reachable fromr[j], for whichi; holds. Recall
thatvisit(r?) = inf(x). Hence,r[j] € inf(r). Sincev is reachable fromr[j], from the
proof of Lemma 1, we have thate inf(7) also. Hencer = GF1;. It remains to show that
7 | FGu;, but this is easy, since’ is fair andr[j] Er AGu;.

Consider now a formulé of the third (Streett) form. Assume first that= wg, w1, . .. IS
a fair path satisfying. We claim that it is sufficient to show that for dll< ; < k, there is an
indexj; such thatrj;] Er AGEFu; orr[j;| Er AGI;. To see that, observe that for any CTL
formulan if 7[j] Er AGnthenn(n] |=r AGn for alln > j. Taken to bemax(jy, . . ., ji).

It follows that7[l] =rp A, <<, (AGEFu; V AGl;). Thus, K, w E=r g(6).

Consider anindek < i < k. We show that there is an indgsuch thatr[j] =r AGEFu;
or 7[j] Er AGI;. We distinguish between two cases, depending on heatisfiesG Fu; Vv
FGl;. Consider first the case where = GFu;. By Lemma 1, there is a minimal MSCC
C C K, and an indexj, such thatisit(n’) = C. Take a state € C for which u; holds.
Sincer = GFu; such a state exists. Sin€éis strongly connected, for every staté in C,
there is a path fromn’ to v. By Lemma 2, such a path can be extended to a fair path. Thus, for
allw' € C, we havew’ =r EFu;. SinceC' is a minimal MSCC, every path starting in a state
in C visits only states irC'. Hence, for alkw’ € C, we havew’ =r AGEFu;. In particular,
we haver[j] Er AGEFu;.

Consider now the second case, where= F'GIl;. Letm > 0 be such that™ = GI;. By
Lemma 1, there is a minimal MSCC C K, and an index, such thain f(r) = visit(7") =
C. Takej to bemax(m,n). Observe that sincenf(m) C visit(n/) C wvisit(r"), we also
have thatisit(n/) = C. Recall thatr™ = GI; and thatj > m. Thus,w’ |=F [; for all states
w’ in C. SinceC is a minimal MSCC, every path starting in a statervisits only states in
C. Hence, for alkw’ € C, we havew’ = AGI;. In particular, we have[j] Er AGI;.

Assume now that = wg, w1, . . . is a fair path satisfying the requirements of the formula
EF(AGEFu; vV AGl;), forall 1 < i < k. Consider an index < ¢ < k. We show that
7 = GFu; V FGl;. By Lemma 1, there is an index such thawisit(r™) = inf(m). Letm
be a point alongr where the eventuality in the formulaf’(AGE Fu; V AGL;) holds. In other
words,n[m| =r AGEFu; V AGl;. Observe that for any CTL formulg, if 7[m] Er AGn
thenr[j] Er AGn, forall j > m. Also note thatn f(7) C visit(r?) C visit(x") = inf(m),
for all j > n. Thus, by takingj to bemax(m,n), we have thatr[j] =r AGEFu; Vv AGl;,
and thatvisit(r?) = inf(m). We claim that ifr[j] Fr AGEFu; thent = GFu;, and if
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7[j] Er AGI; thenw = FGI;. To see that, first assume thdyj] =r AGEFu;. Since there
is at least one fair path starting ir{j] (for exampler?), we can infer that there is a statg
reachable fromr[5], in whichu; holds. Recall thatisit(r7) = inf (). Hencegx[j] € inf(n).

Sincew is reachable fromr[j], from the proof of Lemma 1, we have thate inf () also.
Thus,7m = GFu,, which proves the first part of our claim. Assume now thgl =r AGI,;.

Sincen’ is fair, it follows thatr/ = GI;. Thust = FG;, and we are done.

A.4 Proof of Theorem 4

Consider the Kripke structu€ = ({p, q}, {wo, w1, wa}, {{wo, w1), (wy,wq), (wo, wa), (ws, we) }, LY,
with L(wg) = L(wy) = {q} andL(w2) = {p}. Let A be a deterministic looping automaton
that accepts the single wotig}-{¢}-{¢}-{p})*. Thus,A = 2"} {q0,q1, 42,43, qre; }, 6, 90, {90, 01, 42, 43}),
with 6(qo, {q}) = a1, 6(a1,{q}) = g2, 6(q2, {a}) = g3, 0(g3,{p}) = qo, and all other transi-
tions lead to the rejecting sink.;.
Itis easy to see that the patlg, w1, wo, wo)* is a fair path ink that is accepted hyl. On
the other hand, the only infinite path in the produckofvith A that do not reach the rejecting
sink is ((wo, o), (w1, q1), (wo, q2), (w2, g3))*, which, due to the transition frortwo, ¢o) to
(w2, ¢1) and the transition frontwy, g2) to (w1, ¢3), is not fair.
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